Abstract: There is a desire to design lightweight railway vehicle bodies for future high speed trains. Previously, suppression of structural vibration of the flexible lightweight vehicle body was attempted via use of active suspensions (conventional actuators) or by structural damping via piezoelectric actuators, with the aim being to improve the ride quality. In a railway vehicle the typical active suspension setup comprises front and rear suspension conventional actuators, while adding more macro-actuator elements to minimise structural vibrations can substantially impact vehicle weight and location considerations. In this paper, we show that piezoelectric actuator control can provide complementary action to active suspensions. Decentralized control is adopted for combined active structural damping and active suspension design via Linear Quadratic Gaussian (LQG) method and modal control with skyhook damping respectively. The side-view model of a flexible-bodied railway vehicle integrated with piezoelectric actuators and appropriate sensor outputs is derived and the placement of the piezoelectric actuators and sensors is addressed via structural norms. It is shown that vibrations of both the flexible modes and rigid modes are suppressed effectively.
Introduction
Future railway vehicles are tend to be designed lighter in order to achieve higher speed and also to be more cost effective and energy-efficient. However, lightweight vehicle bodies are more flexible with structural vibration easily ex cited by exogenous disturbances, resulting in increased lev els of high frequency vibration. Therefore, suppression of vibration of flexible modes besides the rigid modes of the vehicle body is required in order to improve ride quality lev els.
Active/semi-active secondary suspension is the effective conventional approach for vibration control of railway vehi cles to improve ride quality. Active suspensions and semi active suspensions were made more aware of the flexible modes and their effectiveness in reducing the structural vi brations of a vehicle body in [4, 5] . Foo and Goodall [2] placed a third actuator in addition to two secondary suspen sion actuators at the centre of the vehicle for reducing the effects of the first flexible mode of the vehicle body. How ever, it was shown that the dynamics of the real actuators (e.g. electro-hydraulic actuators) cause a degradation of ride quality at higher frequencies [12] and the suspension points are near the nodes of the first bending mode, which suggest its limitation in suppressing the flexible modes.
Structural damping was applied via the smart structure concept of integrating piezoelectric actuators into the flex ible structure. Passive structural damping was designed via shunted piezoelectric elements by electric circuits to dissi pate the vibration energy of vehicle body [7, 16] . Kamada et al. [9] used piezoelectric stack transducers in shunt damp ing for vibration suppression of a railway vehicle. Active structural damping with piezoelectric actuators was applied by Kamada et al. [8] , independent 1loo controllers were de signed for suppressing the first three flexible modes. Schan dl et al. [14] attached to the structure piezoelectric stack ac tuators mounted in consols together with collocated sen sor patches, designing state feedback controllers by pole placement with state estimators. In the work by Kozek et al. [ll] , collocated strain sensors and piezoelectric actu ators were used to introduce force/moments pairs into the car body structure and robust 1loo control was applied. Be natzky et al.
[1] designed the controller using the JL-synthesis procedure for structural vibration control of a scaled metro vehicle with piezoelectric stack actuators and piezoelectric patch sensors. A better performance was achieved compared to pole-placement combined with Kalman-filter techniques. Kamada et.al [10] illustrated the effectiveness of combined piezoelectric actuators and linear actuators in suppressing both the rigid and flexible modes with decentralized 1loo controllers.
Coupling exists between rigid modes and flexible modes [17] and piezoelectric actuators have limitations on the maxi mum force they can produce, thus it is important to consider suppression of rigid mode and flexible mode vibrations si multaneously. In this paper, we investigate the performance of active structure damping combined with active suspen sion control. First, the side-view model of a flexible-bodied railway vehicle with piezoelectric actuators and sensors is derived. Then the placement of actuators and sensors is done according to H 2 / H= norms. With decentralized con trol structure, LQG control is applied for active structural damping and modal control with skyhook damping for ac tive suspensions. It is shown that sub controllers work com plementary to each other and vibration of both the rigid and flexible modes are suppressed effectively.
Modelling

2.1
Side-view model with rigid vehicle body
The dynamics of a real railway vehicle can be very com plex with non-linearities and substantial coupling in certain modes. However, a linear time-invariant model can appro priately represent the real system for the railway suspension s over the required mode of operation. The mathematical model of the system is based on the side-view of a railway vehicle as shown in Figure 1 [2] . It is a simplified model with two wheel sets included instead of four as it is sufficient to address the time delay of input excitations from front to rear bogies. The system's degrees of freedom include the vehicle body's bounce and pitch, flexible modes of the vehicle body, bounce modes of the two bogie masses, and two modes asso ciated with the internal dynamics of the air spring. The pitch angle is assumed small so that
Lagrangian equations are used to establish the equations of motion and the model is represented in state space form as follows
where u [U L U R ] is the control input vector across the secondary suspension, W = [ZO L ZO R ] is the track veloc ity(disturbance) input vector. An Bn and G are system matrix, force input matrix , and disturbance input matrix re spectively. The system state vector XT is set as The flexible vehicle body is assumed a free-free Euler Bernoulli beam of length, I, cross section area, Ab, mass lvh, material density, Pb and flexural rigidity, El, which de pends on the Young's modulus of elasticity E and the sec ond moment of area I. The flexural vibration of the beam is induced by track disturbances transmitted through the sus pensions. Stack piezoelectric actuators as shown in Figure 2 are integrated onto the vehicle body for suppressing the flex ible modes. We choose this type of piezoelectric actuator because it is capable of introducing the necessary moments concerning the size, mass and stiffness of the structure [15] .
Beam (vehicle body)
Fig. 2: Piezoelectric actuator
The actuator expands when a voltage Va is applied to it and actuation force F p is generated when this expansion is constrained by mounting the actuator in a mechanical struc ture. It assumes that the equivalent actuation force is propor tional to the applied voltage
where e is the piezoelectric coupling matrix, h s t is the thick ness of one disk, and A p is the area of cross section of the actuator.
Denote z(x, t) the transverse deflection at point x of the beam and time t. The governing partial differential equa tions (PDEs) that describe the dynamics of the structure of the beam, assuming the beam is one-dimension only and has zero damping, is given as follows [6] .
where F X L and F X R are the forces acting at the left and right suspension points. i= 1,2 ... , n p denote the number of piezo electric actuators, lvlpx is the moment acting on the beam by the piezoelectric actuators and is given by
where Vai is the voltage applied by the ith actuator. H (. ) is the step function. Xl i and X 2 i denote the location of the two ends of the ith piezoelectric actuator along the X axis, and K a is a constant based on the properties of the beam and the piezoelectric actuators
where d p is is the vertical distance from the neutral axis of the vehicle body to the vertical centre of the piezoelectric actuator.
The end conditions for both free ends(x = 0 and x = Lv) of the beam are
By modal analysis technique, the solution of the trans verse deflection z(x, t) is assumed to be in the form
where q r(t) is the rth flexible mode in the generalized coor dinate and ¢ r(x) is the corresponding mode shape, which is determined from the eigenvalue problem cosh(Arl) -cos(Arl) cosh ArX + cos ArX -sinh(Arl) _ sin(Arl) (sinh(Arx) + sin(Arx) ) (13) The frequency equation of an undamped free-free beam is cos(Arl) cosh(Arl) -1 = 0 (14) through which, a series of Ar can be determined, and the corresponding natural frequencies Wr are determined by (15) Using solutions of Equations (13)- (15), the orthogonali ty properties of the mode shapes, and Dirac's delta function property (16) where 5 (n) is the nth derivative of 5 and ¢ is continuous at B.
Uncoupled ordinary differential equations representing the flexible motions of the beam can be obtained by integrating equation (7) over the beam length + + where structural damping is added and (r is the damping ratio of the rth flexible mode, and 1J! ari is for the rth mode and ith piezoelectric actuator and is given by
The first flexible mode has shown the most significant in fluence on ride quality of the railway vehicle [2, 17] . For practical purposes only the first two flexible modes are con sidered in the model, and the corresponding mode shapes are shown in Figure 3 . It is shown that each mode has its node points, i.e. where the corresponding mode shape is zero. The first flexible mode has its two node points near the positions of the suspension points and the second flexible mode has its node point at the middle of the beam. According to the forcing terms at the right hand side of Equation [17] , the ab solute value of a mode shape at certain point is an evaluation of importance of the control force acting at that point and the absolute value of 1J! ari at certain place is an evaluation of the importance of the the ith piezoelectric actuator for the rth mode.
Mode shapes of a free-free beam (L=27m) The end conditions for both free ends(x = 0 and x = Lv) of the beam are
By modal analysis technique, the solution of the transverse deflection z (x, t) is assumed to be in the form 
The frequency equation of an undamped free-free beam is
through which, a series of Ar can be determined, and the corresponding natural frequencies Wr are determined by
Using solutions of Equations (13)- (15), the orthogonality properties of the mode shapes, and Dirac's delta function property £: (5(n)(t -e)cp(t)dt = (_I)ncp(n)(e) (16) where (5(n) is the nth derivative of (5 and cP is continuous at e.
Uncoupled ordinary differential equations representing the flexible motions of the beam can be obtained by integrating equation (7) over the beam length
lvh lvh (17) where structural damping is added and (r is the damping ratio of the rth flexible mode, and \]f ari is for the rth mode and 'ith piezoelectric actuator and is given by
The first flexible mode has shown the most significant influence on ride quality of the railway vehicle [2, 17] . For practical purposes only the first two flexible modes are considered in the model, and the corresponding mode shapes are shown in Figure 3 . It is shown that each mode has its node points, i.e. where the corresponding mode shape is zero. The first flexible mode has its two node points near the positions of the suspension points and the second flexible mode has its node point at the middle of the beam. According to the forcing terms at the right hand side of Equation [17] , the absolute value of a mode shape at certain point is an evaluation of importance of the control force acting at that point and the absolute value of \]f ari at certain place is an evaluation of the importance of the the 'ith piezoelectric actuator for the rth mode. 
where \]f srj is for the rth mode and jth piezoelectric sensor, and Xlj and X2j denote the position of the two ends of the jth sensor. Ks is related to the properties of the sensor and the beam.
Transform the description of the flexible model by Equation (17) to the state-space form as follows
where the state vector x f is chosen as
Xf(t) = [ql(t) ql(t) q2(t) q2(t) 1 (22)
Ul is the Based on the parameters given in [17] , the bounce and pitch modes are at frequencies of 0.67Hz and 0.85Hz with damping ratios of 0.16 and 0.2 respectively and the first flexi ble mode is at 8.45Hz and the second flexible mode is around 23.2Hz.
Placement of piezoelectric actuators and sensors
1i2 and 1ioo structural norms are used for evaluating the importance of actuators and sensors at their given positions. Here, we follow the approach in [3] , where the norms of the rth mode can be approximately determined by And the 1i2 (or 1ioo) norm of the rth mode with a set of actuators/sensors is the rms sum of H2 (or 1ioo) norm of the mode with each single actuator/sensor.
i=1 i=1
According to the definition of the structural norms and the input and output matrices in equations (23) As shown in Figure 4 , the norms reach maxima at x=(l3.5) for the first flexible mode and x=7.84 and x=( 19.16) for the second flexible mode.
8941
Normalized H = norm as a function of actuator locations Therefore, as it is shown by Figure 5 , piezoelectric stack actuators (20 in parallel in order to achieve the necessary moments) and patch sensor are placed at x = (13.5) for suppressing the 1st flexible mode, and at x = (7.84) and x = (19.16) for suppressing the 2 nd flexible mode.
: : : The assessment of ride quality relates to vehicle running on straight track with vertical misalignments (irregularities). For secondary suspension assessment, Gaussian white noise with a flat spectrum is a good approximation for the track velocity inputs [13] (30) where v is the velocity of the vehicle and rlv is the rough ness factor, which is taken as 2. and Z X R ) and suspension deflections (Z3L -ZlL and Z3R -ZIR) in response to track irregularities.
Controller design
The controller design aims to reduce the vertical acceler ations of the vehicle body while keeping the suspension de flections small. Hence a control law needs to be designed to determine the moments from the piezoelectric actuators and the forces from the active suspension actuators so that both the rigid mode and flexible mode vibration are suppressed.
Decentralize control strategy is adopted. Figure 6 shows the closed-loop system with structural damping controller
: 
The problem is to devise a feedback-control law which minimizes the cost
where Ro is the input weighting matrix and its elements are fixed at 1. Q y is the output weighting matrix and is chosen according to Bryson's rule [18] where qyl, qy2 and qy3 are initially given the expected val ues of the controlled variables and further tuned accordingly to achieve the best performance while maintaining the input voltages of the piezoelectric actuators within their limits.
Kalman filter is designed to estimate the states of the sys tem that cannot be measured. The system is subject to dis turbances from the secondary suspensions d. The variance of the disturbance is obtained from the simulation results of the passive system of the railway system. Piezoelectric sen sor patches measure the strain in the beam by feeding back voltage signals. The measurement noise is assumed to have a root mean square value of one percent of the maximum value measured by the sensors, however, is further tuned until the estimator can provide a good performance for the system.
Active suspension control
Modal control with skyhook damping is adopted for ac tive suspension control. Figure 7 shows the structure of the 8942 control system. Two linear accelerometers are used to mea sure vehicle body accelerations at the two suspension points, Z X L and zxw The measured signals are decomposed into modal components (i.e. bounce Zb and pitch z p ). Then the bounce and pitch modes are controlled separately with sky hook damping, and finally the modal control signals are re combined and feed to the actuators.
Vehicle dynamics where the cut-off frequency w is chosen to be significantly less than the main suspension frequency, and in this case is chosen to be O.IHz.
Simulation results and discussion
The results are based on the actuator and sensor specifi cations given in Appendix and vehicle parameters given in [17] . 
It is shown that, for G + K1 + K2, smaller efforts are demanded from the piezoelectric actuators than G + K 1, and the piezo electric control efforts become more concentrated around the flexible mode frequencies. This suggests that more efficient control from piezoelectric actuators are achieved with com bined approach K1 + K2. Table 1 compares the RMS results between the passive system, closed-loop systems G + K1, G + K s ky and G + K1 + K s ky in response to vertical track irregularities. G+ K1 achieved substantial acceleration reduction at center of the vehicle Xc, while the accelerations at XL and XR are only slightly reduced. This is because the center acceleration is influenced the most by the first flexible modes. Significant reductions in all three accelerations are achieved by G + K2 , while the center acceleration is slightly higher than G + K 1. With G + K 1 + K 2, a further reduction in center acceleration is brought by piezoelectric actuators compared to G + K2.
However, both the suspension control forces and piezoelec tric actuator voltages are reduced compared to G + K1 and G + K2 respectively. This also suggests that the combined approach helps to use the piezoelectric actuators and suspen sion actuators more efficiently to address the overall vibra tion issues. 
Conclusion
Combined active structural damping and active suspen sion control is investigated for vibration control of typical flexible-bodied railway vehicles. The design is based on a simplified side-view model of the railway vehicle consid ering only the first two flexible modes. It is shown that combined active structural damping and active suspension control work more efficiently in a complementary manner to each other that both the rigid and flexible mode vibrations are suppressed effectively. 
